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What is a word?

De�nition

A word is a �nite, (right) in�nite, or biin�nite sequence of symbols

taken from a �nite non-empty set, A, called the alphabet.

Factor

Given a word ω = a1a2a3 . . ., any �nite subword of the form

u = aiai+1 . . . ai+n−1 is called a factor of ω of length n ≥ 1,

denoted |u| = n.

Periodic Words

An in�nite word ω is said to be eventually periodic if

ω = vuuuu . . ., for some �nite v and u, with u non-empty.

A word that is not eventually periodic is called aperiodic.
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Binary Aperiodic Words

1.0110101000001001111 . . .

11.00100100001111110110 . . .
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1.0110101000001001111 . . . =
√
2

11.00100100001111110110 . . . = π
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Fibonacci

Fibonacci word:

f = ϕ(f) = 01001010010010100101 . . .

Fixed point of the morphism ϕ :

{
0 7→ 01

1 7→ 0

0 7→ 01 7→ 010 7→ 01001 7→ 01001010 7→ · · ·
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Thue-Morse

Thue-Morse word:

T = φ(T) = 01101001100101101001 . . .

Fixed point of the morphism φ :

{
0 7→ 01

1 7→ 10

0 7→ 01 7→ 0110 7→ 01101001 7→ · · ·
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Factors

Given an in�nite word ω = a1a2a3 . . ., let Fω(n) denote the set of

factors of ω of length n:

Fω(n) = {aiai+1 . . . ai+n−1 |i ≥ 1} .

Factor Complexity

The function ρω(n) = Card (Fω(n)) is called the factor
complexity function.
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Periodicity and Factor Complexity

Theorem. (M. Morse and G.A. Hedlund, 1938)

An in�nite word ω is eventually periodic if and only if ρω(n) ≤ n for

some n ≥ 1. A biin�nite word ω is periodic if and only if ρω(n) ≤ n

for some n ≥ 1.

Aperiodic ⇐⇒ ρω(n) ≥ n + 1 for each n.

Sturmian Words

Let ω be an in�nite word. Then ω is Sturmian if and only if

ρω(n) = n + 1 for each n.
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In�nite Permutation

De�nition

An in�nite permutation is a linear ordering ≺π of the natural

numbers, N.

More formally, an in�nite permutation is the ordered triple

π = 〈N,≺π, <〉, where ≺π and < are linear orders on N.
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Permutation Complexity

Subpermutation

For a < b, the subpermutation π[a, b] of π is the permutation of

{1, 2, . . . , b − a + 1} so that for each 0 ≤ i , j ≤ (b − a),

π[a, b](i) < π[a, b](j) ⇐⇒ π(a + i) < π(a + j)

Set of Subpermutations

Permπ(n) = { π[a, a + n − 1] ∈ Sn | a ∈ N }

Permutation Complexity

The permutation complexity function of an in�nite permutation

is

τπ(n) = Card(Permπ(n))
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Words and Permutations

In�nite Permutation of a Word

Let ω = ω0ω1ω2 . . . be an in�nite aperiodic word, and < a linear

ordering of A. Then ω de�nes an in�nite permutation πω de�ned by

πω(i) < πω(j) ⇐⇒ ωiωi+1ωi+2 . . . < ωjωj+1ωj+2 . . .

The permutation complexity of ω is

τω(n) = Card(Permπω(n))
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Permutation and Subpermutation

Thue-Morse word:

T = 01101001100101101001 . . .

1100101 . . . < 1101001 . . . so πT (7) < πT (1)

πT [2, 4] = (3 1 2)

0100110 . . . < 1001100 . . . < 1010011 . . .
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Permutation Complexity

Thue-Morse word:

T = 01101001100101101001 . . .

PermT (4)

(1 2 4 3) (1 3 4 2) (2 4 1 3) (2 4 3 1)
(3 1 2 4) (3 1 4 2) (4 2 3 1) (4 3 1 2)

τT (4) = 8
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Letter Doubling Map

For each letter a in the alphabet A,

d(a) = aa
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Uniform Recurrence

Recurrent Words

A word ω is recurrent if each factor of ω occurs in�nitely often in

ω.

Uniformly Recurrent Words

A word ω is uniformly recurrent if each factor occurs in�nitely

often with bounded gaps.

Uniformly Recurrent Binary Words

For a uniformly recurrent binary word ω over A, there is a k so that

for a, b ∈ A, a 6= b, ak is a factor of ω, but ak+1 and bk+1 are not.
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Image of Binary Uniformly Recurrent Words

Thus if ω is uniformly recurrent, there is a positive integer M so

that for each factor V of ω with |V | ≥ M, Fω(k) = FV (k).

Lemma

Let ω be a binary uniformly recurrent word. For n ≥ M:

τd(ω)(2n − 1) ≤ 2(τω(n + k))

τd(ω)(2n) ≤ τω(n + k) + τω(n + k + 1)

Steven Widmer Permutation Complexity and the Letter Doubling Map



Introduction
In�nite Permutations

Permutation Complexity

Uniform Recurrence
Some Recurrent Words

Image of Binary Uniformly Recurrent Words

Thus if ω is uniformly recurrent, there is a positive integer M so

that for each factor V of ω with |V | ≥ M, Fω(k) = FV (k).

Lemma

Let ω be a binary uniformly recurrent word. For n ≥ M:

τd(ω)(2n − 1) ≤ 2(τω(n + k))

τd(ω)(2n) ≤ τω(n + k) + τω(n + k + 1)

Steven Widmer Permutation Complexity and the Letter Doubling Map



Introduction
In�nite Permutations

Permutation Complexity

Uniform Recurrence
Some Recurrent Words

Image of Sturmian

Theorem. (E. Coven, G. Hedlund, 1973)

Sturmian words are uniformly recurrent.

Theorem

Let s be a Sturmian word over A, where for a, b ∈ A, a 6= b, there

are strings of either k or k − 1 a's between each b, with k > 1.

There is an M so that each factor of s of length at least M will

contain each of ak , ak−1b, . . . , ab, b. For each n ≥ 2M the

permutation complexity of d(s) is

τd(s)(n) = n + 2k + 1
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Image of Fibonacci

f = 01001010010010100101 . . .

d(f) = 0011000011001100001100 . . .

k = 2

Permutation Complexity of d(f)

For n ≥ 9:

τd(f )(n) = n + 2 · (2) + 1 = n + 5
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Permutation Complexity of the Thue-Morse Word

Thue-Morse Word

T = 01101001100101101001 . . .

φ :

{
0 7→ 01

1 7→ 10

Theorem

For any n ≥ 5, where n = 2r + p with 0 < p ≤ 2r ,

τT (n) = 2(2r+1 + p − 2)
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Image of Thue-Morse

Theorem

For the Thue-Morse word T , let n ≥ 9.

If n = 2r , then

τd(T )(2n − 1) = 2r+2 + 2r+1

τd(T )(2n) = 2r+2 + 2r+1 + 4

If n = 2r + p for some 0 < p ≤ 2r − 1, then

τd(T )(2n − 1) = 2r+3 + 4p

τd(T )(2n) = 2r+3 + 4p + 2
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Thank you.
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