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Introduction Words

Word Complexity

What is a word?

Definition
A word is a finite, (right) infinite, or biinfinite sequence of symbols
taken from a finite non-empty set, A, called the alphabet.
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Introduction Words

Word Complexity

What is a word?

A word is a finite, (right) infinite, or biinfinite sequence of symbols
taken from a finite non-empty set, A, called the alphabet.

Factor

| A

Given a word w = a1a»a3 .. ., any finite subword of the form

U= ajajt1...aj+n—1 is called a factor of w of length n > 1,
denoted |u| = n.
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|!lt10dru(?tlﬂn Words
Word Complexity

What is a word?

A word is a finite, (right) infinite, or biinfinite sequence of symbols
taken from a finite non-empty set, A, called the alphabet.

Given a word w = a1a»a3 .. ., any finite subword of the form

U= ajajt1...aj+n—1 is called a factor of w of length n > 1,
denoted |u| = n.

Periodic Words

@ An infinite word w is said to be eventually periodic if
w = vuuuu . . ., for some finite v and u, with v non-empty.

@ A word that is not eventually periodic is called aperiodic.
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Introduction Words

Word Complexity

Binary Aperiodic Words

e 1.0110101000001001111 ...

e 11.00100100001111110110 ...

Steven Widmer Permutation Complexity and the Letter Doubling Map



Introduction Words

Word Complexity

Binary Aperiodic Words

e 1.0110101000001001111 ... = /2

e 11.00100100001111110110 ... =7
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Introduction Words

Word Complexity

Fibonacci

Fibonacci word:

f = o(f) = 01001010010010100101 .. .

0+— 01

Fixed point of the morphism ¢ :
1—0

0+~ 01— 010+~ 01001 — 01001010 +— - - -
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Introduction Words

Word Complexity

Thue-Morse

Thue-Morse word:

T =¢(T)=01101001100101101001 ...

0+— 01

Fixed point of the morphism ¢ :
red pet phism ¢ {1 — 10

0— 01+~ 0110+~ 01101001 > ---
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Introduction Words

Word Complexity

Factor Complexity
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Introduction Words

Word Complexity

Factor Complexity

Given an infinite word w = ajapas ..., let F,(n) denote the set of
factors of w of length n:

]—"w(n) = {a,-a,-+1 e @i4n—1 ‘I' > 1}.
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Introduction

Words
Word Complexity

Factor Complexity

Given an infinite word w = ajapas ..., let F,(n) denote the set of
factors of w of length n:

]—"w(n) = {a,-a,-+1 e @i4n—1 ‘I' > 1}.

| \

Factor Complexity

The function p,,(n) = Card (F,,(n)) is called the factor
complexity function.
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Introduction Words

Word Complexity

Periodicity and Factor Complexity

Theorem. (M. Morse and G.A. Hedlund, 1938)

An infinite word w is eventually periodic if and only if p,(n) < n for
some n > 1. A biinfinite word w is periodic if and only if p,(n) < n
for some n > 1.
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Introduction Words
Word Complexity

Periodicity and Factor Complexity

Theorem. (M. Morse and G.A. Hedlund, 1938)

An infinite word w is eventually periodic if and only if p,(n) < n for
some n > 1. A biinfinite word w is periodic if and only if p,(n) < n
for some n > 1.

Aperiodic <= p,(n) > n+ 1 for each n. J
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Introduction Words

Word Complexity

Periodicity and Factor Complexity

Theorem. (M. Morse and G.A. Hedlund, 1938)

An infinite word w is eventually periodic if and only if p,(n) < n for
some n > 1. A biinfinite word w is periodic if and only if p,(n) < n
for some n > 1.

Aperiodic <= p,(n) > n+ 1 for each n. J

Sturmian Words

Let w be an infinite word. Then w is Sturmian if and only if
pw(n) = n+1 for each n.
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Infinite Permutations and Complexity
Infinite Permutations Infinite Permutation From Words
Example

Infinite Permutation
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Infinite Permutations and Complexity
Infinite Permutations Infinite Permutation From Words
Example

Infinite Permutation

Definition
An infinite permutation is a linear ordering <, of the natural
numbers, N,
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Infinite Permutations and Complexity
Infinite Permutations Infinite Permutation From Words
Example

Infinite Permutation

An infinite permutation is a linear ordering <, of the natural
numbers, N,

More formally, an infinite permutation is the ordered triple
m = (N, <, <), where <. and < are linear orders on N.
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Infinite Permutations and Complexity
Infinite Permutations Infinite Permutation From Words
Example

Permutation Complexity

Subpermutation

For a < b, the subpermutation 7[a, b] of 7 is the permutation of
{1,2,...,b—a+ 1} so that for each 0 < i,j < (b — a),

w[a, b](i) < 7w[a, b](j) <= w(a+i)<m(a+))
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Infinite Permutations and Complexity
Infinite Permutations Infinite Permutation From Words
Example

Permutation Complexity

Subpermutation

For a < b, the subpermutation 7[a, b] of 7 is the permutation of
{1,2,...,b—a+ 1} so that for each 0 < i,j < (b — a),

w[a, b](i) < 7w[a, b](j) <= w(a+i)<m(a+))

Set of Subpermutations

Perm,(n)={rla,a+n—-1]€S,|aeN}
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t Infinite Permutations and Complexity
Infinite Permutations Infinite Permutation From Words
e Example

Permutation Complexity

Subpermutation

For a < b, the subpermutation 7[a, b] of 7 is the permutation of
{1,2,...,b—a+ 1} so that for each 0 < i,j < (b — a),

w[a, b](i) < 7w[a, b](j) <= w(a+i)<m(a+))

Set of Subpermutations

Perm,(n)={rla,a+n—-1]€S,|aeN}

Permutation Complexity

The permutation complexity function of an infinite permutation
is

7r(n) = Card(Perm,(n))




Infinite Permutations and Complexity
Infinite Permutations Infinite Permutation From Words
Example

Words and Permutations

Infinite Permutation of a Word

Let w = wowiws ... be an infinite aperiodic word, and < a linear
ordering of A. Then w defines an infinite permutation 7, defined by

7Tw(l') < TFW(J') — WiWit1Wit2 ... < WiWjip1Wi4o ...
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t Infinite Permutations and Complexity
Infinite Permutations Infinite Permutation From Words
Example

Words and Permutations

Infinite Permutation of a Word

Let w = wowiws ... be an infinite aperiodic word, and < a linear
ordering of A. Then w defines an infinite permutation 7, defined by

7Tw(l') < TFW(J') — WiWit1Wit2 ... < WiWjip1Wi4o ...

The permutation complexity of w is

Tw(n) = Card(Perm_(n))
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Infinite Permutations and Complexity
Infinite Permutations Infinite Permutation From Words
Example

Permutation and Subpermutation

Thue-Morse word:
T =01101001100101101001...

1100101... < 1101001... so 77(7) < w7(1)
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Infinite Permutations and Complexity
Infinite Permutations Infinite Permutation From Words
Example

Permutation and Subpermutation

Thue-Morse word:
T =01101001100101101001...

1100101... < 1101001... so 77(7) < w7(1)

mr[2,4] = (312)

0100110... < 1001100... < 1010011...

Steven Widmer Permutation Complexity and the Letter Doubling Map



Infinite Permutations and Complexity
Infinite Permutations Infinite Permutation From Words
Example

Permutation Complexity

Thue-Morse word:

T =01101001100101101001 ...

(1243) (1342) (2413) (2431)
(3124) (3142) (4231) (4312)

7r(4) =38
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Uniform Recurrence

. s { rds
Permutation Complexity Some Recurrent Words

The Doubling Map
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Uniform Recurrence
Some Recurrent Words

Permutation Complexity

The Doubling Map

Letter Doubling Map
For each letter a in the alphabet A,

d(a) = aa

Steven Widmer Permutation Complexity and the Letter Doubling Map



Uniform Recurrence

. s { rds
Permutation Complexity Some Recurrent Words

Uniform Recurrence

Recurrent Words

A word w is recurrent if each factor of w occurs infinitely often in
Ww.
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Uniform Recurrence

. s { rds
Permutation Complexity Some Recurrent Words

Uniform Recurrence

Recurrent Words

A word w is recurrent if each factor of w occurs infinitely often in
Ww.

Uniformly Recurrent Words

A word w is uniformly recurrent if each factor occurs infinitely
often with bounded gaps.
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Uniform Recurrence

Permutation Complexity Some Recurrent Words

Uniform Recurrence

Recurrent Words

A word w is recurrent if each factor of w occurs infinitely often in
Ww.

Uniformly Recurrent Words

A word w is uniformly recurrent if each factor occurs infinitely
often with bounded gaps.

Uniformly Recurrent Binary Words

For a uniformly recurrent binary word w over A, there is a k so that
for a,b € A, a# b, a¥ is a factor of w, but a**t1 and b**1 are not.
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Uniform Recurrence

. s { rd
Permutation Complexity Some Recurrent Words

Image of Binary Uniformly Recurrent Words

Thus if w is uniformly recurrent, there is a positive integer M so
that for each factor V of w with |V| > M, F,(k) = Fv(k). J
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Uniform Recurrence

Permutation Complexity Some Recurrent Words

Image of Binary Uniformly Recurrent Words

Thus if w is uniformly recurrent, there is a positive integer M so
that for each factor V of w with |V| > M, F,(k) = Fv(k).

Let w be a binary uniformly recurrent word. For n > M:

Td(w)(2n — 1) < 2(7u(n + k))
Ta(w)(2n) < ,(n+ k) + 7,(n + k+ 1)
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Uniform Recurrence

Permutation Complexity SumelReenyen o

Image of Sturmian

Theorem. (E. Coven, G. Hedlund, 1973)

Sturmian words are uniformly recurrent.
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Uniform Recurrence

Permutation Complexity SumelReenyen o

Image of Sturmian

Theorem. (E. Coven, G. Hedlund, 1973)

Sturmian words are uniformly recurrent.

Theorem

Let s be a Sturmian word over A, where for a, b € A, a # b, there
are strings of either k or k — 1 a's between each b, with k > 1.
There is an M so that each factor of s of length at least M will
contain each of ak, ak=1b, ..., ab, b. For each n > 2M the
permutation complexity of d(s) is

Td(s)(n) =n+2k+1
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Uniform Recurrence

Permutation Complexity SumelReenyen o

Image of Fibonacci

f=01001010010010100101. ..

d(f) = 0011000011001100001100...

k=2
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Uniform Recurrence

Permutation Complexity SumelReenyen o

Image of Fibonacci

f=01001010010010100101. ..

d(f) = 0011000011001100001100...

k=2

Permutation Complexity of d(f)

For n > 9:
T4(r)(n) =n+2-(2)+1=n+5
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Uniform Recurrence

Permutation Complexity SumelReenyen o

Permutation Complexity of the Thue-Morse Word

Thue-Morse Word
T =01101001100101101001 ...

0— 01
¢'{1H10
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Uniform Recurrence

Permutation Complexity SumelReenyen o

Permutation Complexity of the Thue-Morse Word

Thue-Morse Word

T =01101001100101101001 ...

0— 01
¢'{1H10

V.
Theorem

For any n > 5, where n = 2" + p with 0 < p < 27,

mr(m) = 202" +p—2)

\
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Uniform Recurrence

Permutation Complexity SumelReenyen o

Image of Thue-Morse
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Uniform Recurrence

Permutation Complexity SumelReenyen o

Image of Thue-Morse

For the Thue-Morse word T, let n > 9.
o If n=2", then

Ty(m)(2n — 1) = 212 4 o7 t1

Td(T)(Qn) — 2!"‘1‘2 + 2r+1 + 4

@ If n=2"+ p forsome 0 < p < 2" —1, then
Tamy(2n—1)=2""+4p

Ty(1y(2n) = 2773 +4p 42
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Uniform Recurrence
Some Recurrent Words

Permutation Complexity

Thank you.
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