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b-expansions (−β)-expansions of reals (−β)-integers coding (−β)-integers by infinite word

b-expansions

Let b ∈ R, |b| > 1, x ∈ [l , l + 1), l ∈ R. The b-expansion of x is
the sequence (xi )i≥1,

x =
x1

b
+

x2

b2 +
x3

b3 + . . . ,

where

xi := bbT i−1(x)− lc ,
T (x) := bx − bbx − lc .

We write d(x) := x1x2x3 · · · .
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b-expansions (−β)-expansions of reals (−β)-integers coding (−β)-integers by infinite word

b-expansions · · · choice of b, l

Rényi:
b = β > 1, [l , l + 1) = [0, 1),
xi ∈ {0, 1, · · · , dβe − 1}

Akiyama, Scheicher:
b = β > 1, [l , l + 1) =

[
− 1

2 ,
1
2

)
,

xi ∈ Z ∩
(
− β+1

2 , β+1
2

)
Ito, Sadahiro:
b = −β <−1, [l , l + 1) =

[
− β
β+1 ,

1
β+1

)
,

xi ∈ {0, 1, · · · , bβc}

ADMP:
b = −β <−1, l ∈ (−1, 0],
xi ∈ {b−l(β + 1)− βc, . . . , b−l(β + 1)c}
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b-expansions (−β)-expansions of reals (−β)-integers coding (−β)-integers by infinite word

b-expansions · · · admissibility

(xi )i∈N is (b, l)-admissible if d(x) = x1x2 · · · for some x ∈ [l , l + 1)

Theorem
For fixed b, l it holds: (xi )i∈N is (b, l)-admissible iff

d(l) �(alt) xixi+1xi+2 · · · ≺(alt) d∗(l + 1) = limε→0+d(l + 1− ε) ,

where

b = β > 1 → lexicographic ordering �
b = −β <−1 → alternate ordering �alt

Note:

u1u2 · · · ≺alt v1v2 · · · if (−1)k(uk−vk) < 0, k = min{i ≥ 1, ui 6= vi}

6 / 20
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b-expansions (−β)-expansions of reals (−β)-integers coding (−β)-integers by infinite word

(−β)-expansions of reals

l ∈ (−1, 0] ⇒ existence of 〈x〉−β for all x ∈ R:

〈x〉−β := x1x2 · · · xk • xk+1xk+2 · · · , where

x
(−β)k

∈ [l , l + 1) and d
( x

(−β)k

)
= x1x2x3 · · ·

− 1
β [l , l + 1) * [l , l + 1) ⇒ expansion depends on chosen k

Example

Let β = 1 +
√

2 root of x2 − 2x − 1, [l , l + 1) =
[
− β9

β9+1 ,
1

β9+1

)
.

〈1〉−β can be:

1•0ω = 120•0ω = 13210•0ω = 1322210•0ω = 132222210•0ω
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b-expansions (−β)-expansions of reals (−β)-integers coding (−β)-integers by infinite word

(−β)-expansions of reals · · · uniqueness

l ∈
(
− β

β+1 ,−
1

β+1

]
· · · unique 〈x〉−β for all x ∈ R

l = − β
β+1 · · · two possible 〈x〉−β for countably many x ∈ R

l ∈ R \
[
− β

β+1 ,−
1

β+1

]
· · · at least two possible 〈x〉−β for

uncountably many x ∈ R

Solution:

unique 〈x〉−β = xk · · · x0 • x−1 · · · , such that 0xkxk−1 · · · is
admissible

〈x〉−β,〈(−β)kx〉−β use the same digit string
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b-expansions (−β)-expansions of reals (−β)-integers coding (−β)-integers by infinite word

(−β)-integers · · · definition

We define

Z−β :=
{

x =
k∑
i=0

xi (−β)i
∣∣∣ 0xkxk−1 · · · x1x00ω is admissible

}
.

definition valid for l ∈ (−1, 0]

Z−β ⊆
⋃
i≥0(−β)iT−i (0)

if l ∈
[
− β

β+1 ,−
1

β+1

]
, the equality holds

11 / 20
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b-expansions (−β)-expansions of reals (−β)-integers coding (−β)-integers by infinite word

(−β)-integers · · · distances I

S(k) := {ak−1ak−2 · · · a00ω | ak−1ak−2 · · · a00ω is admissible} ,

Max(k), Min(k) · · · extremal in S(k) with respect to
alternate order

max(k), min(k) · · · prefixes of Max(k), Min(k) of length k

γ(ak−1 · · · a1a0) := ak−1(−β)k−1 + · · ·+ a1(−β) + a0
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b-expansions (−β)-expansions of reals (−β)-integers coding (−β)-integers by infinite word

(−β)-integers · · · distances II

Proposition

Let x,y be neighbours in Z−β and 〈x〉−β = xnxn−1 · · · x0 • 0ω,
〈y〉−β = ymym−1 · · · y0 • 0ω with n,m maximal possible.

Their distance is equal to

∆k :=
∣∣∣(−β)k + γ

(
min(k)

)
− γ
(
max(k)

)∣∣∣ ,
where k is maximal such that xk 6= yk .

necessary to know min(k), max(k)

hard to get an explicit general formula
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b-expansions (−β)-expansions of reals (−β)-integers coding (−β)-integers by infinite word

(−β)-integers · · · extremal strings

Proposition

Denote d(l) = l1l2l3 · · · , d∗(l + 1) = r1r2r3 · · · .

min(0) = max(0) = ε,

for k ≥ 1 either min(k) = l1l2 · · · lk or exists m(k) ∈ {0, · · ·, k−1}
such that

min(k) =

 l1l2 · · · (lk−m(k)+1)min(m(k)) if k−m(k) even

l1l2 · · · (lk−m(k)−1)max(m(k)) if k−m(k) odd

for k ≥ 1 either max(k) = r1r2 · · · rk or exists m′(k) ∈ {0, · · ·, k−1}
such that

max(k) =

 r1r2 · · · (rk−m′(k)−1)max(m′(k)) if k−m′(k) even

r1r2 · · · (rk−m′(k)+1)min(m′(k)) if k−m′(k) odd
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coding distances in Z−β by integers → bidirectional infinite word

Steiner: properties of T → antimorphism over some alphabet
for case l = − β

β+1 (finite alphabet if d(l) ev. periodic)

ADMP: combinatorial approach → antimorphism over N for
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coding Z−β by infinite word I

Let (zn)n∈Z be strictly increasing and

z0 = 0 and Z−β = {zn | n ∈ Z} .

(zn)n∈Z → v−β = (vn)n∈Z bidirectional infinite word over N

for any n ∈ Z exists unique k ∈ N such that

zn+1 − zn =
∣∣∣(−β)k + γ

(
min(k)

)
− γ
(
max(k)

)∣∣∣ ,
put vn := k
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coding Z−β by infinite word II

Theorem
Let v−β be the word associated with Z−β. There exists an
antimorphism Φ : N∗ → N∗ such that Ψ = Φ2 is a non-erasing
non-identical morphism and Ψ(v−β) = v−β

Φ is always of the form

Φ(2l) = S2l(2l + 1)R̃2l and Φ(2l + 1) = R2l+1(2l + 2)S̃2l+1 ,

where words Rj , Sj depend only on j and on min(k),max(k) with
k ∈ {j , j + 1}.
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coding Z−β by infinite word · · · example infinite

β root of x2 − 4x + 2:

β, l = 0 −β, l = − β
β+1 −β, l = − 1

2

ref. strings · · · 31ω (32)ω · · · 0(32)ω 210ω · · · 210ω

distances
∆0 = 1 ∆0 = 1 ∆0 = 1

∆1 = β − 3 ∆1 = β − 2 ∆1 = β − 2

(anti)morphism
0→031 0→021 0→010

1→01 1→0221 1→0210

2→0231 2→3210

3→0241 3→014

4→0251 4→510

5→0261 5→016

· · · · · ·

19 / 20



b-expansions (−β)-expansions of reals (−β)-integers coding (−β)-integers by infinite word

coding Z−β by infinite word · · · example infinite

β root of x2 − 4x + 2:

β, l = 0 −β, l = − β
β+1 −β, l = − 1

2

ref. strings · · · 31ω (32)ω · · · 0(32)ω 210ω · · · 210ω

distances
∆0 = 1 ∆0 = 1 ∆0 = 1

∆1 = β − 3 ∆1 = β − 2 ∆1 = β − 2

(anti)morphism
0→031 0→021 0→010

1→01 1→0221 1→0210

2→0231 2→3210

3→0241 3→014

4→0251 4→510

5→0261 5→016

· · · · · ·

19 / 20



b-expansions (−β)-expansions of reals (−β)-integers coding (−β)-integers by infinite word

coding Z−β by infinite word · · · example infinite

β root of x2 − 4x + 2:

β, l = 0 −β, l = − β
β+1 −β, l = − 1

2

ref. strings · · · 31ω (32)ω · · · 0(32)ω 210ω · · · 210ω

distances
∆0 = 1 ∆0 = 1 ∆0 = 1

∆1 = β − 3 ∆1 = β − 2 ∆1 = β − 2

(anti)morphism
0→031 0→021 0→010

1→01 1→0221 1→0210

2→0231 2→3210

3→0241 3→014

4→0251 4→510

5→0261 5→016

· · · · · ·

19 / 20



b-expansions (−β)-expansions of reals (−β)-integers coding (−β)-integers by infinite word

coding Z−β by infinite word · · · example finite
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β+1 −β, l = − 1

2

ref. strings · · · 31ω (32)ω · · · 0(32)ω 210ω · · · 210ω

distances
∆0 = 1 ∆0 = 1 ∆0 = 1

∆1 = β − 3 ∆1 = β − 2 ∆1 = β − 2

(anti)morphism
0→031 0→021 0→010

1→01 1→0212 1→0120

20 / 20


	
	Presentation
	b-expansions
	(-)-expansions of reals
	(-)-integers
	coding (-)-integers by infinite word


