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Word Equations

o If u, v are words over the unknowns x,y, z,..., then u= v is a word
equation.
o If a substitution x =,y = 8,z =,... makes u and v equal, then

it is a solution.

@ A solution is periodic, if the values of the unknowns are powers of a
common word.

Example

Consider the word equation xyz = zyx.

@ x = aba,y = b,z = a is a (nonperiodic) solution, because
aba-b-a=a-b- aba.
e x = ab,y = (ab)?,z = ¢ is a periodic solution.
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Independent Systems

A system of equations is independent, if it is not equivalent with any of its
subsystems.

Open problems:

@ Are there independent systems of three equations on three unknowns
having a nonperiodic solution?

@ Are there unboundedly large such systems?

We prove that there is a bound depending on the length of the shortest
equation.
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Length Types
The length type of a solution (x, y, z) is the vector (|x|,|y|, |z|).

Example

The nonperiodic solutions of xyz = xzy, xyxzyz = zxzyxy are
X=py=q,z=¢ o X=py=q,z=pq.
The length types (|x], |y|, |z|) satisfy

zl=0 o Ix[+]yl= 2]

We prove that the length types of nonperiodic solutions of a pair of
nonequivalent equations on three unknowns are covered by finitely many
two-dimensional subspaces.
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Polynomials

Let the alphabet be ¥ = {1,2,...,m}. Foraword w =ag...a,-1 € L"
we define a polynomial

Py =ao+a X'+ - +a, 1 X"

Example

If w= 1212, then P,, =1+ 2X + X2 +2X3.
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Solutions of Fixed Length: Example

Example
The solutions of xyz = zxy of length type L = (1,1, 2) are determined by

nyz = szy

or
P+ XPy, + X?P, = P, + X>P, + X3P,

or
(1-X?)-Pe+(X=X3 P, +(X2-1)P,=0.

One solution is Py =1,P, =2, P, = 142X, thatisx =1,y = 2,z = 12.

Aleksi Saarela (Univ. Turku) Systems of Word Equations and Polynomials 6 /14



Solutions of Fixed Length

For a word equation E : y1...yx = z1...Zz, a variable x and a length type

L, let
QExL = Z Xlyiyiail Z X2zl
Yi=X Zi=X

Theorem

(x1,...,xn) of length type L is a solution of E if and only if

Z QE,X,',LPX,' =0.
i
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Q-Theorem
The solutions of length type L of a pair Ej, E; are determined by

QEl,x,LPx + QEl,y,LPy + QEl,z,LPz =0,
QL Px + QEyy L Py + QE, 2. P2 = 0.

@ If there is a nonperiodic solution, then the solutions of the linear
system of equations form a two-dimensional space.

@ Then the linear equations must be dependent.

@ Then the word equations have the same solutions of length type L.

Generalization for n unknowns requires the notion of the rank of a solution.
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Special Case of the Graph Lemma
Consider a pair of equations

on three unknowns and the solutions with length type L € N3. The rank of
the matrix

(QEl,x,L QEyL QEl,z,L)

Qext QEyL Q6L
:(1+X(...) -1+ X(...) X(...) )
1+X(.)  X(..)  —14+X(.)

is 2, so there are no such nonperiodic solutions.
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Theorems

Theorem (Czeizler-Karhumaki-07, can be generalized)

If a pair of nontrivial equations on three unknowns has a nonperiodic
solution where no two of the unknowns commute, then there is k > 1 such
that the equations are of the form x--- = y¥z... .

Theorem (almost the same as Kortelainen-98)

Let m,n>1, sj,t; € ©* and uj,v; € £T. If
Souisy ... ul sy, =tovity ... Vit,.

holds for m + n values of i, then it holds for all i.
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Finitely Many Subspaces: Example
Example

If the pair E1 : xyz = zxy, Ep : xyxzyz = zxzyxy has a nonperiodic solution
of length type L, then the vectors (Qg, x,., QF,,y,1, QF, z,.) and
(QE> %1y QEyy.Ls QE,,z,) Must be dependent. So the determinant

Qe xLQE 2L — QE 2L QB x,L
= X2yl o x2xH2lyl+lzl o xelx+2lzl o x|y l+z]

— XXyl xelxltlzl  xe2Ix+2ly] _ xelxFly|+212]
must be zero for (|x|, |y|,|z|) = L. Thus L must satisfy one of

2l=0,  Ix[+Iyl=lz, Iy[=0.
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Finitely Many Subspaces

Theorem (can be generalized)
Let E1, Ex be nonequivalent nontrivial equations on three unknowns.

@ The length types of nonperiodic solutions of the pair are covered by a
union of |E1|? two-dimensional subspaces of Q3.

o If Vq,...,Vy is a minimal such cover and L € V; for some i, then E;
and E> have the same nonperiodic solutions of length type L.

Aleksi Saarela (Univ. Turku) Systems of Word Equations and Polynomials 12 / 14



Balanced Equations

An equation u = v is balanced, if |u|x = |v|x for every unknown x.

Theorem (Harju-Nowotka-03, can be generalized)

Let E1, E; be a pair of equations on three unknowns having a nonperiodic
solution. If Ey is not balanced, then every nonperiodic solution of Ey is a
solution of E.

Proof.

The length types of solutions of E; are covered by a single
two-dimensional space V. Now E; and E; have the same nonperiodic
solutions of length type L for all L € V. Ol
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Independent Systems
Theorem (can be generalized)
If E1, ..., En is an independent system on three unknowns having a

nonperiodic solution, then m < |Ey|?> + 1.

Idea of the proof.

o Length types of nonperiodic solutions of Ey, E, are covered by |E|?
subspaces.

@ Length types of nonperiodic solutions of Ej, E», E3 are covered by
|E1|?> — 1 subspaces.

@ Length types of nonperiodic solutions of Eq, ..., E,;, are covered by
|E1|> — m 42 > 1 subspaces.
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