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Definitions
Morphic words

A* = finite words, A“ = infinite words

h: A* — A* is a morphism if Vu,v € A*: h(uv) = h(u)h(v).
h is prolongable on a letter a if h(a) = ay and h"(y) # € for
all integers n > 0.

= h“(a) = lim h"(a) = ayh(y)h*(y)--- .

x € A¥ is a pure morphic word if x = h*(a) for some
morphism h prolongable on a.

x € A¥ is a morphic word if x = g(h“(a)) for a morphism h
prolongable on a and a coding g (letter-to-letter morphism).
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Definitions

Morphic words

h: {a,b,c}* — {a,b,c}*, h(a) = abb, h(b) = bc, h(c) = ca.
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Definitions

Morphic words

h: {a,b,c}* — {a,b,c}*, h(a) = abb, h(b) = bc, h(c) = ca.

h(a) =
h?(a) =
h(a)

h“(a) =

abb,
abbbcbc,
abbbcbcbcecabcca,

abbbcbcbccabccabecacaabbbcecacaabhb . . .
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Definitions

Morphic words

h: {a,b,c}* — {a,b,c}*, h(a) = abb, h(b) = bc, h(c) = ca.

h(a) = abb,
h*(a) = abbbchc,
h®(a) = abbbcbchbccabceca,

h*(a) = abbbcbcbccabecabecacaabbbecacaabhb . ..

g:{ab.cj” = {0,1}" g(a) = 1, g(b) = 0, g(c) = 1.

g(h“(a)) = 100010101110111011111100011111100... .
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@ An infinite word x is ultimately periodic if it is of the form
Xx=uvw =uwwv---, u,v € A*.
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@ An infinite word x is ultimately periodic if it is of the form
Xx=uvw =uwwv---, u,v € A*.

@ The length |u| is a preperiod and the length |v| is a period
of x.
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@ An infinite word x is ultimately periodic if it is of the form
Xx=uvw =uwwv---, u,v € A*.

@ The length |u| is a preperiod and the length |v| is a period
of x.

® x is ultimately p-periodic if |v| = p.
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Definitions
DOL-system

@ A DOL system is a pair (h,u), where h: A* — A*isa
morphism and u is a finite word over A.
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Definitions
DOL-system

@ A DOL system is a pair (h,u), where h: A* — A*isa
morphism and u is a finite word over A.

o The language of the DOL system is L(h,u) = {h(u) | i > 0}.

@ The limit set lim L(h, u) consists of all infinite words w such

that for all n there is a prefix of w longer than n belonging to
L(h, u).
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DOL ultimate periodicity problem

Problem

Given a DOL system (h, u), decide whether all infinite words in
lim L(h, u) are ultimately periodic.
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DOL ultimate periodicity problem

Problem

Given a DOL system (h, u), decide whether all infinite words in
lim L(h, u) are ultimately periodic.

)

Problem

Given a morphism h prolongable on a, decide whether h*(a) is
ultimately periodic.
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DOL ultimate periodicity problem
History

@ Harju, Linna (1986): On the periodicity of morphisms on free
monoids.

@ Pansiot (1986): Decidability of periodicity for infinite words.
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DOL ultimate periodicity problem
History

@ Harju, Linna (1986): On the periodicity of morphisms on free
monoids.

@ Pansiot (1986): Decidability of periodicity for infinite words.

@ Séébold (1988): An effective solution to the DOL-periodicity
problem in the binary case.

@ Honkala (2008): Cancellation and periodicity properties of
iterated morphisms.

@ General ultimate periodicity problem of morphic words (HDOL)
remains open!
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DOL ultimate periodicity problem
Our proof

© Decidability of the p-periodicity problem
(Harju, Halava, Karki, Rigo, DLT 2010)

© Cancellation property
(Culik 1978; Ehrenfeucht, Rozenberg 1978)

= simplified proof of Harju and Linna.
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Decidability of the p-periodicity problem
k-sets

@ Let x = (xp)n>0 be an infinite word over A.
o Let ke {0,1,...,p—1}.

@ \We say that a letter a € A belongs to the k-set of x modulo p
if there exist infinitely many integers n such that

xp=a and n=k (mod p).
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Decidability of the p-periodicity problem
k-sets

@ Let x = (xp)n>0 be an infinite word over A.
o Let ke {0,1,...,p—1}.

@ \We say that a letter a € A belongs to the k-set of x modulo p
if there exist infinitely many integers n such that

xp=a and n=k (mod p).

@ k-sets of x modulo p can be effectively constructed!
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Decidability of the p-periodicity problem
Constructing the k-sets

Let h: A* — A* be a morphism, and let p be a positive integer.
There exist integers r and q > 0 such that

Vb e A:|h"(b)] = |hT9(b)| (mod p).
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Decidability of the p-periodicity problem
Constructing the k-sets

Let h: A* — A* be a morphism, and let p be a positive integer.
There exist integers r and q > 0 such that

Vb e A:|h"(b)] = |hT9(b)| (mod p).

h+9(xg - - x1_1) hr+d(b)
IXO”’XI—lbI I}’l”’}’m—lc}/m-l-l"'yln ] d I
—— e —

h"(xo -+ x1—1) h"(b) h9(y1 - - ym—-1) h9(c)

Figure: Images h"(b) and h"t9(b).
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Decidability of the p-periodicity problem
Constructing the k-sets

ht9(xg -+ x—1) h™*9(b)
IXO"'XI—lbI I}’l"'}’m—lc}/m+1"'yln e d |
e —

h"(xo - x-1) h"(b) h9(y1 - ym-1) h9(c)

Figure: Images h"(b) and h"t9(b).
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Decidability of the p-periodicity problem
Constructing the k-sets

ht9(xg -+ x—1) h™*9(b)
IXO"'XI—lbI I}’l"'}’m—lc}/m+1"'yln e d |
e —

h"(xo - x-1) h"(b) h9(y1 - ym-1) h9(c)

Figure: Images h"(b) and h"t9(b).

By Lemma, we have |A""9(xg -+ x;_1)| = |h"(x0 - - x/_1)| (mod p).
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Decidability of the p-periodicity problem
Constructing the k-sets

ht9(xg -+ x—1) h™*9(b)
IXO"'XI—lbI I}’l"'}’m—lc}/m+1"'yln e d |
e —

h"(xo - x-1) h"(b) h9(y1 - ym-1) h9(c)

Figure: Images h"(b) and h"t9(b).

By Lemma, we have |A""9(xg -+ x;_1)| = |h"(x0 - - x/_1)| (mod p).

.. The positions of ¢ and d modulo p can be calculated.
= the k-sets of x modulo p can be constructed.
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Decidability of the p-periodicity problem

Theorem 1 (Halava, Harju, Karki, Rigo)

Given a positive integer p, it is decidable whether a morphic word
g(h“(a)) is ultimately p-periodic.
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Decidability of the p-periodicity problem

Theorem 1 (Halava, Harju, Karki, Rigo)

Given a positive integer p, it is decidable whether a morphic word
g(h“(a)) is ultimately p-periodic.

>

The word g(h*“(a)) is ultimately p-periodic if and only if
g(b) = g(c) for all pairs of letters (b, c) such that b and ¢ belong
to the same k-set of h*(a) modulo p. O

-
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Cancellation property

Theorem 2 (Culik’78; Ehrenfeucht,Rozenberg'78)

Let h: A* — A* be a morphism and u,v € A*. If there is a
positive integer n such that h"(u) = h"(v), then hAl(u) = A4l (v).
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Given a morphism h prolongable on a, it is decidable whether h*(a)
is ultimately periodic.

@ be Ap if {h"(b) | n > 0} is finite (finite letters).

o A, = A\ A (infinite letters).

@ b e Ag if b occurs infinitely often in h“(a) (recurrent letters).
o A = A/ NAg.
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Main theorem

o If Ay =0:
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Main theorem

o If Ay =0: h(a) =ay, y € Ax
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Main theorem

o If Ay =0: h(a) =ay, y € Af = h*(a) periodic .
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Main theorem

o If Ay =0: h(a) =ay, y € Af = h*(a) periodic .
@ Assume b € A;: h¥(a) = upburbup - -+, uj € (A\ {b})*.
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Main theorem

o If Ay =0: h(a) =ay, y € Af = h*(a) periodic .
@ Assume b € A;: h¥(a) = upburbup - -+, uj € (A\ {b})*.
o If U= {u;j|i> 0} is infinite, h*(a) is not periodic.

It is decidable, whether U is finite.
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Main theorem

o If Ay =0: h(a) =ay, y € Af = h*(a) periodic .
@ Assume b € A;: h¥(a) = upburbup - -+, uj € (A\ {b})*.
o If U= {u;j|i> 0} is infinite, h*(a) is not periodic.
It is decidable, whether U is finite.
@ Assume h“(a) = uv¥, v primitive. Consider
U = {uj € U | uj occurs infinitely many times}.
@ For large n and u; € U": h"(bu;) € wji, w, is a conjugate of v.
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o If Ay =0: h(a) =ay, y € Af = h*(a) periodic .
@ Assume b € A;: h¥(a) = upburbup - -+, uj € (A\ {b})*.
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@ Assume h“(a) = uv¥, v primitive. Consider

U = {uj € U | uj occurs infinitely many times}.
@ For large n and u; € U": h"(bu;) € wji, w, is a conjugate of v.
o For any uj,uj € U': 3 m: h*(bu;buj) = h*(bujbu;) ¥V £ > m.
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Main theorem

o If Ay =0: h(a) =ay, y € Af = h*(a) periodic .
@ Assume b € A;: h¥(a) = upburbup - -+, uj € (A\ {b})*.
o If U= {u;j|i> 0} is infinite, h*(a) is not periodic.

It is decidable, whether U is finite.

@ Assume h“(a) = uv¥, v primitive. Consider

U = {uj € U | uj occurs infinitely many times}.
@ For large n and u; € U": h"(bu;) € wji, w, is a conjugate of v.
o For any uj,uj € U': 3 m: h*(bu;buj) = h*(bujbu;) ¥V £ > m.

@ By Theorem 2, we may choose m = |A|.
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Main theorem

o If Ay =0: h(a) =ay, y € Af = h*(a) periodic .
@ Assume b € A;: h¥(a) = upburbup - -+, uj € (A\ {b})*.
o If U= {u;j|i> 0} is infinite, h*(a) is not periodic.

It is decidable, whether U is finite.

@ Assume h“(a) = uv¥, v primitive. Consider
U = {uj € U | uj occurs infinitely many times}.

For large n and u; € U": h"(bu;) € w};, w, is a conjugate of v.
For any uj,uj € U’: 3 m: h*(bujbuj) = h*(bujbu;) ¥ £ > m.
By Theorem 2, we may choose m = | A|.

h(bu;) € z* Yu; € U, £ > |A| = h*(a) is |z|-periodic.

e © ¢ ¢
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Main theorem

o If Ay =0: h(a) =ay, y € Af = h*(a) periodic .
@ Assume b € A;: h¥(a) = upburbup - -+, uj € (A\ {b})*.
o If U= {u;j|i> 0} is infinite, h*(a) is not periodic.

It is decidable, whether U is finite.

@ Assume h“(a) = uv¥, v primitive. Consider
U = {uj € U | uj occurs infinitely many times}.

For large n and u; € U": h"(bu;) € w};, w, is a conjugate of v.
For any uj,uj € U’: 3 m: h*(bujbuj) = h*(bujbu;) ¥ £ > m.
By Theorem 2, we may choose m = | A|.

h(bu;) € z* Yu; € U, £ > |A| = h*(a) is |z|-periodic.

By Theorem 1, |z|-periodicity is decidable.

e © ¢ ¢ ¢
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Thank you for your attention!
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