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Problem

Let (f1, · · · , fd ) ∈ [0,1]d such that
∑d

i=1 fi = 1

How to construct a word u over the alphabet {1,2, · · · ,d} satisfying
the following conditions

• u has linear complexity function
• u is uniformly balanced
• the letter frequencies in u are given by (f1, · · · , fd )



Some definitions
A word u ∈ AN is said to be uniformly balanced if there exists a
constant C > 0 such that for any pair of factors of the same length
v ,w of u, and for any letter i ∈ A,

||v |i − |w |i | ≤ C,

where |x |j stands for the number of occurrences of the letter j in the
factor x

A word u has linear complexity function if there exists a constant
C′ > 0 such that the number of factors of u of length n is smaller than
C′ · n, for every positive integer n

The frequency fi of a letter i ∈ A in u = (un)n∈N is defined as the
following limit, if it exists

fi = lim
n→∞

|u0 · · · un−1|i
n
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Problem

Let (f1, · · · , fd ) ∈ [0,1]d such that
∑d

i=1 fi = 1

How to construct a word u over the alphabet {1,2, · · · ,d} satisfying
the following conditions

• u has linear complexity function
• u is uniformly balanced
• the letter frequencies in u are given by (f1, · · · , fd )

This implies a fast convergence speed toward the letter frequencies



Which distance to the frequency vector to consider ?

The discrepancy of the word u = (un) is defined as

max
i∈A, n

||u0 · · · un−1|i − fi · n|

The balance of u = (uk ) is defined as

max
i∈A, |v |=|w|

||v |i − |w |i |

bounded discrepancy⇐⇒ uniform balance



Motivation : the chairman assignment problem

The chairman assignment problem [R. Tijdeman] “Suppose k states
form a union and every year a union chairman has to be selected in
such a way that at any time the accumulated number of chairmen
from each state is proportional to its weight.”

How to get in an effective way an assignment with small discrepancy ?
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Motivation : the chairman assignment problem

The chairman assignment problem [R. Tijdeman] “Suppose k states
form a union and every year a union chairman has to be selected in
such a way that at any time the accumulated number of chairmen
from each state is proportional to its weight.”

How to get in an effective way an assignment with small discrepancy ?

Theorem [Meijer-Tijdeman]

sup
f

inf
u

D(u) = 1− 1
2d − 2

Remark 1− 1/(2d − 2) = 3/4 for d = 3

R. Tijdeman has given an algorithmic way, given f, to construct a
sequence u with D(u) ≤ 1− 1

2d−2

See also [M.L. Balinski and H.P. Young]



Motivation : discrete lines in discrete geometry



Motivation : discrete lines in discrete geometry

The discrepancy of the word u = (un) is defined as

max
i∈A, n

||u0 · · · un−1|i − fi · n|

We measure the distance to the vector directed by the frequencies

• Let l : A∗ → Nd , w 7→ t(|w |1, . . . , |w |d ) stand for the Parikh
mapping

• One associates with any infinite word a discrete line with set of
vertices equal to

{l(u0 · · · un−1) | n ∈ N}

 The word u provides a discretization of the vector line directed by
the letter frequency vector (f1, · · · , fd )



A discrete segment associated with the word u

• Let l : A∗ → Nd , w 7→ t(|w |1, . . . , |w |d ) stand for the Parikh
mapping

• One associates with any word a discrete line with set of vertices
equal to {l(u0 · · · un−1) | n ∈ N}

u = 12132131321321313

1

2

3
(0,0,0)

(7,4,6)

x

y

z



2D Discrete Lines and Sturmian words

0 < −2 x + 5 y ≤ 7

−2 x + 5 y = 0
−2 x + 5 y = 7
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2D : Euclid algorithm on (11,4)

11 = 2 · 4 + 3
4 = 1 · 3 + 1
3 = 3 · 1 + 0

4
11 = 0 + 1

2 +
1

1 +
1
3

w = aaabaaabaaabaab

(0,0)

(11,4)

a

b

(11,4) (3,4) (3,1) (0,1)

w = w0 w1 w2 w3 = b

(
1 1
0 1

)2 (
1 0
1 1

) (
1 1
0 1

)3

a 7→ a
b 7→ aab

a 7→ ab
b 7→ b

a 7→ a
b 7→ aaab
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Our strategy

• We apply a multidimensional continued fraction algorithm
(=generalization of Euclid’s algorithm) to the frequency vector
(f1, · · · , fd )

• We then associate with the steps of the algorithm substitutions,
with these substitutions having the matrices produced by the
continued fraction algorithm as incidence matrices

A substitution σ over the alphabet A is an endomorphism of the free
monoid A∗
The incidence matrix of the substitution σ is the square matrix Mσ

with entries mi,j = |σ(j)|i for all i , j ∈ A
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Multidimensional Euclid’s algorithms

• Jacobi-Perron we subtract the first one to the two other ones with 0 ≤ x1, x2 ≤ x3

(x1, x2, x3) 7→ (x2 − [
x2

x1
]x1, x3 − [

x3

x1
]x1, x1)

• Brun we subtract the second largest entry and we reorder with x1 ≤ x2 ≤ x3

(x1, x2, x3) 7→ (x1, x2, x3 − x2)

• Poincaré we subtract the previous entry and we reorder ; if x1 ≤ x2 ≤ x3

(x1, x2, x3) 7→ (x1, x2 − x1, x3 − x2)

• Selmer we subtract the smallest to the largest and we reorder

(x1, x2, x3) 7→ (x1, x2, x3 − x1)

• Fully subtractive we subtract the smallest one to the other ones and we reorder

(x1, x2, x3) 7→ (x1, x2 − x1, x3 − x1)

• Arnoux-Rauzy we subtract the sum of the two smallest ones if possible

(x1, x2, x3) 7→ (x1, x2, x3 − (x1 + x2))



Strategy

• Let T be one of these algorithms applied to some vector
(f1, f2, f3) ∈ [0,1]3

• With each matrix M produced by T , we associate a substitution
whose incidence matrix is given by M

• We thus obtain a word by iterating these substitutions in an
S-adic way

f = f0 f1 f2 · · · fn

w = w0 w1 w2 · · · wn ∈ {1,2,3}

M1 M2 M3 Mn

σ1 σ2 σ3 σn



Brun algorithm applied to (7,4,6)

(7,4,6) (1,4,6) (1,4,2) (1,0,2) (1,0,0)

w0 w1 w2 w3 w4

 1 0 1
0 1 0
0 0 1

  1 0 0
0 1 0
0 1 1

  1 0 0
0 1 2
0 0 1

  1 0 0
0 1 0
2 0 1


1 7→ 1
2 7→ 2
3 7→ 13

1 7→ 1
2 7→ 23
3 7→ 3

1 7→ 1
2 7→ 2
3 7→ 223

1 7→ 133
2 7→ 2
3 7→ 3

w = w0 = 12132131321321313

1

2

3
(0,0,0)

(7,4,6)

x

y

z
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On (23,45,37) using Brun algorithm

Let f = (23,45,37). Using Brun algorithm, one gets

(0,0,0)

(23,45,37)

x

y

z

and its distance to the Euclidean segment is 1.0753.



On (23,45,37) using Poincaré algorithm

Let f = (23,45,37). Using Poincaré algorithm, one gets

(0,0,0)

(23,45,37)

x

y

z

and its distance to the Euclidean segment is 1.0340.



On (41,11,8) using the fully subtractive algorithm

Let f = (41,11,8). Using the fully subtractive algorithm, one gets

(0,0,0)

(41,11,8)

x

y

z

and its distance to the Euclidean segment is 8.8163.



On (41,11,8) using Poincaré algorithm

Let f = (41,11,8). Using Poincaré algorithm, one gets

(0,0,0)

(41,11,8)

x

y

z

and its distance to the Euclidean segment is 5.3528.



Fusion algorithms

• We mix these algorithms by performing at each step one among
these rules and this still yields S-adic generated words

• We focus on fusion algorithms obtained by applying
Arnoux-Rauzy algorithm when possible, and otherwise,
consistently one algorithm among Brun, Poincaré, Selmer, or the
Fully Subtractive algorithms

• They produce better performances than when performing only
one algorithm

• They allows us to exploit and extend the good mean behaviour of
Arnoux-Rauzy algorithm to a larger set of parameters
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Statistics for the discrepancy

Minimum Mean Maximum Std
Arnoux-Rauzy 0.6000 0.8922 1.200 0.09953

Fully subtractive 0.5000 5.965 14.21 4.365
Fully subtractive as possible 0.6000 4.173 25.00 4.439

Selmer 0.5000 2.163 12.75 2.074
Brun 0.5000 1.100 2.000 0.2625

Brun Multiplicative 0.6000 1.117 2.000 0.2681
Poincaré 0.5000 2.453 11.13 2.225

Jacobi-Perron 0.6000 2.735 25.00 3.454
Random reduction 0.5000 2.417 25.00 2.704

Fusion Arnoux-Rauzy/Fully subtractive 0.6000 1.081 2.820 0.3070
Fusion Arnoux-Rauzy/Selmer 0.6000 0.9640 1.450 0.1415

Fusion Arnoux-Rauzy/Brun Multiplicative 0.6000 0.9085 1.400 0.1089
Fusion Arnoux-Rauzy/Poincaré 0.6000 0.8910 1.280 0.09662

Triplets (a1/N, a2/N, a3/N) with a1 + a2 + a3 = N with N = 100



Poincaré N = 20

(18,1,1) (1,18,1)

(1,1,18)
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Poincaré N = 100
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Fully subtractive N = 100
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Arnoux-Rauzy N = 60
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Fusion of Arnoux-Rauzy and Poincaré N = 100
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Fusion of Arnoux-Rauzy and Poincaré N = 60



Fusion of Arnoux-Rauzy and Poincaré N = 200



Fusion of Arnoux-Rauzy and Poincaré N = 220



Fusion of Arnoux-Rauzy and Poincaré N = 250



Fusion of Arnoux-Rauzy and Poincaré N = 500



Back to the initial problem

How to construct a word u over the alphabet {1,2, · · · ,d} satisfying
the following conditions

• u has linear complexity function
• u is uniformly balanced
• the letter frequencies in u are given by (f1, · · · , fd )

Main issues are
• Computation of complexities for S-adic words
• Convergence issues for the fusion algorithms : existence of

frequencies, weak and strong convergence, ergodic theory,
dynamical analysis

(see [Arnoux-Starosta] for Arnoux-Rauzy)

• Characterization of uniformy balanced sequences
(see [Cassaigne-Ferenczi-Zamboni] for Arnoux-Rauzy)
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