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This survey talk is concerned with some optimization problems
from various areas of mathematics and physics, in which balanced
words (and, in some cases, Sturmian sequences) turn out to be
optimizing.

Firstly, we recall that a finite or infinite 0-1 word w = wyws ... is
called balanced if for every pair of finite subwords u, v such that
|u| = |v|, we necessarily have ||u]; — |v|1] < 1, where

|ul1 = #{Jj : uj = 1} is the 1-length of u. An infinite balanced
word which is not eventually periodic is called Sturmian.

There are several equivalent definitions of Sturmian sequences. Let
W = wiws ... be an infinite 0-1 sequence and put
pw(n) = #{w; ... wjyn_1:j > 1} — the complexity function of w.
Then w is Sturmian if and only if p,(n) = n+ 1.

The 1-ratio v = limpy00 [Wi . .. wy|1/n is well defined for any
Sturmian sequence w.
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Let w = wy...w,, be a finite 0-1 word and put

b(w) = Z w2m K,
k=1

Now define
B(w) = b(w) x b(w®) x -+ x b(w(™),
where w) = w, w® ... w(™ are the cyclic permutations of w.

Let now W, 4 denote the set of 0-1 words of length g with the
1-length p.

As is well known, there are precisely g balanced words in W, 4, all
of which are in the same orbit (= all cyclic permutations of a
word), so if W, 4 is defined to be the set of all orbits of words in
Wo.q. there is a unique balanced orbit in W, ;.
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Theorem (O. Jenkinson, 2009)

Suppose 1 < p < q are coprime integers. For w € W, o, the
product B(w) is maximized precisely when w is balanced.

Example

Put p =2, = 5. Here there are only two possible orbits, namely,
those of w = 10100 and v = 11000.

We have

B(w) = b(10100) x b(01001) x b(10010) x b(00101) x b(01010)
20 x 9 x 18 x 5 x 10 = 162000,

whereas for the other orbit,

B(v) = b(11000) x b(10001) x b(00011) x b(00110) x b(01100)
24 % 17 x 3 x 6 x 12 = 88128,
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Let T :[0,1) — [0,1) and denote the space of all T-invariant
measures by M(T). We say that a measure p is majorated by v

(notation: p < v) if
1 1
/ f d,ug/ f dv
0 0

for any convex function f : [0,1) — [0, 1).
Put for any v € (0,1),
My = {p € M(T) : bar(u) = 7},

where )
bar(u)z/ x dpu(x),
0

i.e., the barycentre of .
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Let Tx = 2x mod 1. For any ~y € [0, 1], the partially ordered set
(M., <) has a least element. This least element is the Sturmian
measure S, of rotation number .

Here S, is the following. Let ¢ :[0,1) — [0,1) be defined as
follows:

(1) (x + ny mod 1)
SD’Y(X):Z [ = ) 2n+1 9
n=0

i.e., the binary sum of the standard symbolic sequence associated
with the rotation by v with a starting point x.

Then the Sturmian measure S, is the push forward of the
Lebesgue measure on [0, 1) under ¢,
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If v is rational, then S, sits on a finite set. For instance, the
support of S, /5 is the orbit of the binary sum of

00101 00101 00101... under T, i.e., the set {2,390, 20 2 18}
each point having the S /5-measure of 1/5.

If v is irrational, then S, is supported by a Cantor set. For

instance, if v = 3_2\/5, then supp(Sy) is the closure of the set of all
shifts of the Fibonacci word f = 0100101001001... (It is indeed a
Cantor set because f has such a low complexity!)
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Growth of matrix products and joint spectral radius

Given a finite set of d x d real matrices A = {Ao,..., A1}, we
define the joint spectral radius o(.A) to be the quantity

o(A) = Iimsupmax{||A,-1---A;n||1/" RS {0,...,r—1}},

n—o00
a definition introduced by G.-C. Rota and G. Strang in 1960.
A {0,...,r — 1}-sequence (i1, iz, ... ) is called maximizing if

i ALY —
Tim (A - Ay Y7 = o(A).

Definition
A set of matrices A is said to have the finiteness property if there
exists an eventually periodic maximizing sequence for A.
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Example
Put A = {AO, Al}, where

11 10
AO_(O 1>’A1_<1 1>'

Then it turns out that 010101... is maximizing, whence

o(A) = (p(AoA1))/? = (1 +V5)/2.
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Now consider the one-parameter family of pairs
Aq = {Ao, @Ar} with a € [0,1].

Is it true that for any fixed « this family possesses the finiteness
property?

Answer: NO!

Theorem (K. Hare, I. Morris, N. Sidorov and J. Theys, 2011)
There exists a continuum € of « with no finiteness property.
Moreover, each maximizing sequence for any fixed o € € is
“essentially Sturmian”.

Each element of € can be written in a completely explicit form (an
infinite product).
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Note first that there is no upper bound for the complexity of a
maximizing sequence. Indeed, we can always intersperse a
Sturmian sequence with a growing sequence of prefixes of some
other 0-1 sequence y in such a way that this does not affect the
growth exponent of the matrix products (i.e., very sparsely).

In particular, we can take a sequence y of complexity 27, and the
resulting sequence will have complexity 2”7 as well.

Theorem (K. Hare and N. Sidorov, 2011)

For any p € N there exists a pair of matrices such that any
maximizing sequence for this pair has complexity at least nP for n
large enough.

Open question. Is there a pair of matrices such that any
maximizing sequence for this pair is of an exponential complexity?



