
WORDS 2011 Prague, September 15
On Pansiot Words Avoiding 3-RepetitionsIrina À. Gorbunova and Arseny Ì. ShurUral Federal UniversityEkaterinburg, Russia8th International Conferen
e WORDS 2011Prague, September 12-16

1/14 Irina À. Gorbunova and Arseny Ì. Shur On Pansiot Words Avoiding 3-Repetitions



WORDS 2011 Prague, September 15PreliminariesThe exponent of a word w is the ratio between its length and itsminimal period: exp(w) = |w|/per(w).A word w is a β-power if |w|/ per(w) ≥ β while (|w|−1)/ per(w) < β,and a β+-power if |w|/ per(w) > β while (|w|−1)/ per(w) ≤ β.Examples
ababa is a 5/2-power as well as 5/4-power, exp(ababa) = 5/2

abcab is a (3/2)+-power, exp(abcab) = 5/3A word is 
alled β-free (where β 
an be a number with plus aswell) if it 
ontains no β-powers as fa
tors.Example
ababc is a 2+-free, but not 2-free2/14 Irina À. Gorbunova and Arseny Ì. Shur On Pansiot Words Avoiding 3-Repetitions
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WORDS 2011 Prague, September 15ProblemA β-power is k-avoidable if the number of k-ary β-free words is in�nite.Threshold theorem (former Dejean's 
onje
ture)
β-power is k-avoidable i�

β ≥ (7/4)+ and k = 3, β ≥ (7/5)+ and k = 4, or
β ≥ (k/(k−1))+ and k = 2, k ≥ 5Denote by Tk the threshold language whi
h 
onsists of all

(k/(k−1))+-free words on k letters (k ≥ 5).General problem: study growth properties of threshold languages.Let Gr(L) = limn→∞(CL(n))
1/n, where CL(n) is the number of length

n words in a language L, be the growth rate of L, and let αk = Gr(Tk).We are interesting in the asymptoti
s of the sequen
e {αk}.Conje
ture [SG,2008℄
αk −−−−→

k→∞

α ≈ 1.242Here we present a result whi
h supports this 
onje
ture.3/14 Irina À. Gorbunova and Arseny Ì. Shur On Pansiot Words Avoiding 3-Repetitions
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m-repetitionA β-power is 
alled minimal if all its fa
tors are β-free. Anyminimal (k/(k−1))+-power u 
an be fa
torized as u = yzy, where

|yz| = per(u); if |y| = m, we 
all u an m-repetition.Example
abcdeab is a 2-repetition over 5 lettersThe notation T

(m)
k is used for the (regular) language whi
h 
onsistsof all k-ary words 
ontaining no r-repetitions with r ≤ m.Then, Tk ⊆ T

(m)
k and Gr(T

(m)
k ) −−−−→

m→∞
Gr(Tk).To support the Conje
ture, we want to prove that

Gr(T
(m)
k ) −−−→

k→∞
α(m) for any m4/14 Irina À. Gorbunova and Arseny Ì. Shur On Pansiot Words Avoiding 3-Repetitions
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ial 
ase
Gr(Tk) −−−→

k→∞
αThe 
ase m = 3 is the 
ru
ial one, be
ausefor m = 1 and m = 2 the statement holds trivially;there is no 4- and 5-repetitions;

m-repetitions with m ≥ 6 do not a�e
t signi�
antly thegrowth rate, as follows from experiments.TheoremThe limit limk→∞Gr(T
(3)
k ) exists and approximates to 1.24215/14 Irina À. Gorbunova and Arseny Ì. Shur On Pansiot Words Avoiding 3-Repetitions
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We refer to the elements of T (2)

k as to Pansiot words.These words 
an be equivalently de�ned by the following pair of
onditions:(P1) two 
losest o

urren
es of a letter are on the distan
e k−1, k,or k+1;(P2) two 
losest o

urren
es of a letter are followed by di�erentletters.The binary representation of these words (Pansiot, 1984) played animportant role in the proof of Dejean's 
onje
ture.
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. . .

. . .In�nite word on a 
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. . .
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c d e
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c e d
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a d eSti
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c d e

b

a

c e d

b

c
a d eÑylindri
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 wordsLet Cyl(m)
k be the set of all 
ylindri
 words en
oding words from T

(m)
k .Then Gr(Cyl

(m)
k ) = Gr(T

(m)
k ).Theorem (SG, 2010)For any integer m ≥ 3, there exists a set Sm of 2-dimensionalwords of size O(m)×O(m) over su
h that forany k ≥ 2m−3, a 
ylindri
 word w over ∆ belongs Cyl(m)

k i� it hasno 2-dimensional fa
tors from Sm.ExampleDenote by D the 2-dimensional language de�ned by the same avoidan
eproperties as Cyl(3)k . We will prove that Gr(D) = limk→∞ Gr(Cyl
(3)
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e between 2-dimensional and 
ylindri
 words
n k

2-dimensional n× k word over ∆ = { , , } is just �nitere
tangular array of alphabeti
 symbols.9/14 Irina À. Gorbunova and Arseny Ì. Shur On Pansiot Words Avoiding 3-Repetitions
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e between 2-dimensional and 
ylindri
 words

Any 2× 2 fa
tor of 
ylindri
 words belongs to the same �nite set Qin
luding the fa
tors on the boundary jun
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WORDS 2011 Prague, September 15AutomataWe denote the set of all words of width k from D by Dk (this is aregular language over ∆k).The automaton A re
ognizing Dk 
an be de�ned as follows:(A1) the words of length k from Cyl
(3)
k (they 
oin
ide with thewords of size 1× k from Dk) are the verti
es;(A2) an edge u → v exists i� the word u

v
of size 2× k belongs to

Dk; su
h an edge is labeled by v;(A3) ea
h vertex is both initial and terminal.
Pu(n) is the number of walks of length n in A,starting at the vertex u.The fun
tion P (n) =

∑
Pu(n) equals the number of (n+1)× kwords in D.10/14 Irina À. Gorbunova and Arseny Ì. Shur On Pansiot Words Avoiding 3-Repetitions
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an be obtained from A by deleting some edges in a waythat all a

epted words 
an be interpreted as 
ylindri
 words of width k.That is, 
onsidering the 2× 2 fa
tors of the word u
v we remember that:

P ′

u(n) is the number of walks of length n in B,starting at the vertex u.The number P ′(n) =
∑

P ′

u(n) is not greater than the number of
ylindri
 words of length (n+1) and width k.It is obvious that P ′(n) ≤ P (n).If we prove that P (n) ≤ NnP ′(n) for some N independently of k,then some standard argument from 
al
ulus gives
limk→∞ Gr(Cyl

(3)
k ) = Gr(D).11/14 Irina À. Gorbunova and Arseny Ì. Shur On Pansiot Words Avoiding 3-Repetitions
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