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Preliminaries

2/14

The exponent of a word w is the ratio between its length and its
minimal period: exp(w) = |w|/ per(w).
A word w is a 3-power if |w|/ per(w) > S while (Jw|—1)/ per(w) < 3,
and a 3"-power if |w|/ per(w) > S while (jw|-1)/ per(w) < .
Examples

ababa is a 5/2-power as well as 5/4-power, exp(ababa) = 5/2
abcab is a (3/2)*-power, exp(abcab) = 5/3
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Preliminaries

The exponent of a word w is the ratio between its length and its
minimal period: exp(w) = |w|/ per(w).
A word w is a 3-power if |w|/ per(w) > S while (Jw|—1)/ per(w) < 3,
and a 3"-power if |w|/ per(w) > S while (jw|-1)/ per(w) < .
Examples

ababa is a 5/2-power as well as 5/4-power, exp(ababa) = 5/2
abcab is a (3/2)*-power, exp(abcab) = 5/3

A word is called 3-free (where B can be a number with plus as
well) if it contains no [3-powers as factors.

Example
ababc is a 27 -free, but not 2-free J
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Problem

A [3-power is k-avoidable if the number of k-ary -free words is infinite.

Threshold theorem (former Dejean’s conjecture)
B-power is k-avoidable iff
B> (7/4)t and k=3, 8> (7/5)" and k =4, or
B> (k/(k—1))* and k =2,k >5
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Denote by T} the threshold language which consists of all
(k/(k—1))*-free words on k letters (k > 5).
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Denote by T} the threshold language which consists of all
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General problem: study growth properties of threshold languages.
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Problem

A [3-power is k-avoidable if the number of k-ary -free words is infinite.

Threshold theorem (former Dejean’s conjecture)
B-power is k-avoidable iff
B> (7/4)t and k=3, 8> (7/5)" and k =4, or
B> (k/(k—1))* and k =2,k >5

Denote by T} the threshold language which consists of all
(k/(k—1))*-free words on k letters (k > 5).

General problem: study growth properties of threshold languages.
Let Gr(L) = lim,, 00 (C(n))"/™, where C,(n) is the number of length
n words in a language L, be the growth rate of L, and let o = Gr(T}).

We are interesting in the asymptotics of the sequence {ay}.
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Problem

A [3-power is k-avoidable if the number of k-ary -free words is infinite.

Threshold theorem (former Dejean’s conjecture)
B-power is k-avoidable iff
B> (7/4)t and k=3, 8> (7/5)" and k =4, or
B> (k/(k—1))* and k =2,k >5

Denote by T} the threshold language which consists of all
(k/(k—1))*-free words on k letters (k > 5).

General problem: study growth properties of threshold languages.
Let Gr(L) = lim,, 00 (C(n))"/™, where C,(n) is the number of length
n words in a language L, be the growth rate of L, and let o = Gr(T}).

We are interesting in the asymptotics of the sequence {ay}.

ap —— o~ 1.242
k— o0

Conjecture [SG,2008] J

Here we present a result which supports this conjecture.
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m-repetition

4/14

A B-power is called minimal if all its factors are [3-free. Any
minimal (k/(k—1))*-power u can be factorized as u = yzy, where
lyz| = per(uw); if |y| = m, we call u an m-repetition.

Example

abcdeab s a 2-repetition over 5 letters
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m-repetition

A B-power is called minimal if all its factors are [3-free. Any
minimal (k/(k—1))*-power u can be factorized as u = yzy, where
lyz| = per(uw); if |y| = m, we call u an m-repetition.

Example
abcdeab s a 2-repetition over 5 letters J

The notation T,gm) is used for the (regular) language which consists
of all k-ary words containing no r-repetitions with r < m.
Then, T}, C Tém) and Gr(Tém)) — Gr(Ty).

m—r0o0
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m-repetition

A B-power is called minimal if all its factors are [3-free. Any
minimal (k/(k—1))*-power u can be factorized as u = yzy, where
lyz| = per(uw); if |y| = m, we call u an m-repetition.

Example
abcdeab s a 2-repetition over 5 letters J

The notation Tém) is used for the (regular) language which consists
of all k-ary words containing no r-repetitions with r < m.
Then, T}, C T,gm) and Gr(Tém)) — Gr(Ty).

m—r0o0

To support the Conjecture, we want to prove that
Gr(Tlgm)) —— o™ for any m
k—o0
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Crucial case
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Crucial case
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Crucial case

GT(TIEB)) —>k—>oo a®
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Crucial case

GT(TIEB)) —>k—>oo a3

The case m = 3 is the crucial one, because

@ for m = 1 and m = 2 the statement holds trivially;
@ there is no 4- and 5-repetitions;

@ m-repetitions with m > 6 do not affect significantly the
growth rate, as follows from experiments.
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Crucial case

GT(TIEB)) — s a®
k—oo
The case m = 3 is the crucial one, because

@ for m = 1 and m = 2 the statement holds trivially;
@ there is no 4- and 5-repetitions;

@ m-repetitions with m > 6 do not affect significantly the
growth rate, as follows from experiments.

Theorem J

The limit limy,_, oo GT(TS’)) exists and approximates to 1.2421
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Pansiot words

We refer to the elements of Tf) as to Pansiot words.
These words can be equivalently defined by the following pair of
conditions:
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We refer to the elements of Tf) as to Pansiot words.
These words can be equivalently defined by the following pair of
conditions:

(P1) two closest occurrences of a letter are on the distance k—1, k,
or k+1;
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These words can be equivalently defined by the following pair of
conditions:

(P1) two closest occurrences of a letter are on the distance k—1, k,
or k+1;

(P2) two closest occurrences of a letter are followed by different
letters.
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Pansiot words

We refer to the elements of Tf) as to Pansiot words.
These words can be equivalently defined by the following pair of
conditions:

(P1) two closest occurrences of a letter are on the distance k—1, k,
or k+1;

(P2) two closest occurrences of a letter are followed by different
letters.

The binary representation of these words (Pansiot, 1984) played an
important role in the proof of Dejean’s conjecture.
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Cylindric representation of Pansiot words

Infinite word on a cylinder (k = 9)
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Cylindric representation of Pansiot words

Sticks (only visible)
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Cylindric representation of Pansiot words

Cylindric Z-words are just infinite sequences of blocks I X and X
over alphabet A = {1, ./, \.} (SG, 2010).

7/14 Irina A. Gorbunova and Arseny M. Shur On Pansiot Words Avoiding 3-Repetitions



WORDS 2011 Prague, September 15

Cylindric words

Let Cylfcm) be the set of all cylindric words encoding words from Tém).
Then Gr(Cyl™) = Gr(T™).
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Cylindric words

Let Cylfcm) be the set of all cylindric words encoding words from Tém).

Then Gr(Cyl™) = Gr(T™).

Theorem (SG, 2010)
For any integer m > 3, there exists a set S, of 2-dimensional
words of size O(m) x O(m) over A = {1, ./, \. } such that for

any k > 2m—3, a cylindric word w over A belongs Cylém) iff it has
no 2-dimensional factors from S,,,.

V.

Example

s={1.3%)
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Cylindric words

Let Cylgcm) be the set of all cylindric words encoding words from Tém).

Then Gr(Cyl™) = Gr(T™).

Theorem (SG, 2010)
For any integer m > 3, there exists a set S, of 2-dimensional
words of size O(m) x O(m) over A = {1, ./, \. } such that for

any k > 2m—3, a cylindric word w over A belongs Cylém) iff it has
no 2-dimensional factors from S,,,.

V.

Example

s={1.3%)

Denote by D the 2-dimensional language defined by the same avoidance

properties as Cyl,(f). We will prove that Gr(D) = limg_, 00 Gr(CyI,(f)).

v
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Difference between 2-dimensional and cylindric words

2-dimensional n x k word over A = {1, /, \\ } is just finite
rectangular array of alphabetic symbols.
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Difference between 2-dimensional and cylindric words

Any 2 x 2 factor of words from D belongs to the set
Q:{I/ L/ L7 72N AN SN SN
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Difference between 2-dimensional and cylindric words

Any 2 x 2 factor of cylindric words belongs to the same finite set @
including the factors on the boundary junction.
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Automata

We denote the set of all words of width k from D by Dy, (this is a
regular language over AF).
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We denote the set of all words of width k from D by Dy, (this is a
regular language over AF).

The automaton A recognizing D;, can be defined as follows:
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Automata

We denote the set of all words of width k from D by Dy, (this is a
regular language over AF).

The automaton A recognizing D;, can be defined as follows:

(A1) the words of length &k from Cyll(ﬁg) (they coincide with the
words of size 1 x k from Dy) are the vertices;
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The automaton A recognizing D;, can be defined as follows:

(A1) the words of length &k from Cyll(ﬁg) (they coincide with the
words of size 1 x k from Dy) are the vertices;

(A2) an edge u — v exists iff the word ' of size 2 x k belongs to
Dy,; such an edge is labeled by v;
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(A1) the words of length &k from Cyll(ﬁg) (they coincide with the
words of size 1 x k from Dy) are the vertices;
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Automata

We denote the set of all words of width k from D by Dy, (this is a
regular language over AF).

The automaton A recognizing D;, can be defined as follows:

(A1) the words of length &k from Cyll(f) (they coincide with the
words of size 1 x k from Dy) are the vertices;

(A2) an edge u — v exists iff the word ' of size 2 x k belongs to
Dy,; such an edge is labeled by v;

(A3) each vertex is both initial and terminal.

P,(n) is the number of walks of length n in A,
starting at the vertex u.
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Automata

We denote the set of all words of width k from D by Dy, (this is a
regular language over AF).

The automaton A recognizing D;, can be defined as follows:

(A1) the words of length &k from Cyll(f) (they coincide with the
words of size 1 x k from Dy) are the vertices;

(A2) an edge u — v exists iff the word ' of size 2 x k belongs to
Dy,; such an edge is labeled by v;

(A3) each vertex is both initial and terminal.

P,(n) is the number of walks of length n in A,
starting at the vertex u.
The function P(n) =Y P,(n) equals the number of (n+1) x k
words in D.
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Automata

Automaton B can be obtained from A by deleting some edges in a way
that all accepted words can be interpreted as cylindric words of width k.
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Automaton B can be obtained from A by deleting some edges in a way
that all accepted words can be interpreted as cylindric words of width k.

That is, considering the 2 x 2 factors of the word ' we remember that:
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(Y

P/ (n) is the number of walks of length n in 5,
starting at the vertex u.
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Automaton B can be obtained from A by deleting some edges in a way
that all accepted words can be interpreted as cylindric words of width k.

That is, considering the 2 x 2 factors of the word ' we remember that:

u
(Y

P/ (n) is the number of walks of length n in 5,
starting at the vertex u.
The number P’'(n) = > P),(n) is not greater than the number of
cylindric words of length (n+1) and width k.
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Automata

Automaton B can be obtained from A by deleting some edges in a way
that all accepted words can be interpreted as cylindric words of width k.

That is, considering the 2 x 2 factors of the word ' we remember that:

u
(Y

P/ (n) is the number of walks of length n in 5,
starting at the vertex u.
The number P’'(n) = > P),(n) is not greater than the number of
cylindric words of length (n+1) and width k.

It is obvious that P’(n) < P(n).
If we prove that P(n) < N™P’(n) for some N independently of k,
then some standard argument from calculus gives

limy, 00 Gr(Cyl'™) = Gr(D).
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Technical lemma

The vertices u and v are similar if they coincide up to the first 11
letters. We write u ~ v.
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Technical lemma

The vertices u and v are similar if they coincide up to the first 11
letters. We write u ~ v.

Remark

The classes of ~ are finite. The maximum cardinality of such a
class is N = 28 independently of k.
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Technical lemma

The vertices u and v are similar if they coincide up to the first 11
letters. We write u ~ v.

Remark

The classes of ~ are finite. The maximum cardinality of such a
class is N = 28 independently of k.

Lemma

If w ~vand u— xis an edge in A, then there exists an edge
v — gy in B such that x ~ y.
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Main result: idea of the proof

A

u

A NN
N7 D

n—1 v

S GENCERY)
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Main result: idea of the proof

A B

u

AN P
i D C )
" ( D C )
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Main result: idea of the proof

1 : A _— B

u

AN P
i D C )
" ( D C )
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Main result: idea of the proof
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i D C )
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Main result: idea of the proof
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Main result: idea of the proof

1 : A _— B

u

A NN /I'L\

n—1 < parent(s) \ " ( parent(t) )

m

N = BD
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Main result: idea of the proof

1 : A _— B

u

AN /I'L\
n—1 < parent(s) \ p ( parent(t) )

m

g GO S = G )
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Main result: idea of the proof

1 : A _— B

u

A NN /I'L\
('/ // \\\‘) (. / \\')

n—1 < (parent(t < parent(s) \) " ( parent(t) >

m

GG S ey )
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Main result: idea of the proof

1 : A _— B

u

A NN /I'L\
('/ A7 \\\‘) (‘/ SN )

n—1 < (parent(t < parent(s) \) " ( parent(t) >

m

GG S ey )

Irina A. Gorbunova and Arseny M. Shur

On Pansiot Words Avoiding 3-Repetitions



WORDS 2011 Prague, September 15

Main result: idea of the proof

1 : A _— B

A /@\
('/ 7 \\\') ('/ SN

n—1 < (parent(t < parent(s) \) " ( parent(t) >

GG S ey )

k') < KN
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Main result: idea of the proof

1 : A _— B

U e (w)] =1

A NN /I'L\
('/ A7 \\\‘) (‘/ / \\')

n—1 €1<parc11t(l))@ L ( parent(t) )

GG S ey )

k') < KN
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Main result: idea of the proof

1 : A _— B

U ()] =1

A NN /I'L\
('/ // \\\‘) (. / \\')

n—1 G (parent(t ( parent(s) w> L ( parent(t) >

GG S ey )

[~ ()] < N™
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Main result: idea of the proof

1 : A _— B

U ()] =1

A NN /I'L\
('/ // \\\‘) (. / \\')

n—1 < (parent(t < parent(s) \) " ( parent(t)

)

Gl“)( S ) sft < t

)

=t @) < N©
Py(n) < N"Py(n)
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Main result: idea of the proof

1 : A _— B

U ()] =1

A NN /I'L\

n—1 Gl(parcnt(l))@ L ( parent(t)

)

" <#1<[)< S ) s:ft < t

)

ln=t®] < N?
Py(n) < N"P},(n)

P(n) < N"P'(n)  Q.E.D.
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Thank you
for your attention!
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